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SUMMARY

In this document, we introduce five additional examples that motivate our research on testing
homogeneity. In particular, we show how to check the assumptions for two linear mixed models
to validate the asymptotic distributions of the score test statistics. Then, we give the detailed
derivation for the score test statistic. We present the result about the local power of the score
test statistics under a class of mixed effect models. Finally, we compare our method with some

existing ones.
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1 Five Additional Examples

In the following, we will give five additional examples to illustrate the potential applications of
the score test statistics proposed in Zhu and Zhang (2005). Unless stated otherwise, we will refer
to, without re-introduction of, the notation and terminology in Zhu and Zhang (2005).

We give two examples having unidentified nuisance parameters under the null hypothesis,
which include factor analysis model and random coefficient model. Other examples with uniden-
tified nuisance parameters can be found in Hansen (1996), Andrews (2001) and references therein.
We also apply the score test statistics in an epileptic study. Finally, we study linear mixed effect
model and crossed design linear mixed effect model in detail and demonstrate how to apply the
score test statistics and check the assumptions to ensure their asymptotic properties. In particu-
lar, the last two examples reveal that our theory covers the case with both large n and large m;.

To our knowledge, this is new for testing homogeneity of mixed effects models.

1.1 Factor Analysis Model

Consider the following factor analytic measurement model for an m x 1 manifest random vector
Y;:

Yi=pu+Ab;j+¢ i=1,---,n, (1)
where pu(m x 1) is the mean vector, A(m X q) is the factor loading matrix, b; (¢ x 1) is a factor
score vector with distribution N[0, X(7)], and € (m x 1) is a random vector of measurement
errors with distribution N[0, ® ], where ®. = diag(¢1, - , ¢ ). In addition, b;’s are independent
of each other. For confirmatory factor analysis models, 3(7y) is usually an unstructured covariance
matrix whereas A has a special pattern. We are interested in whether factor scores are warranted,
that is, Hp: X(7y) = 0. It should be noted that the factor loading matrix A only appears under
the alternative hypothesis, but not under the null hypothesis. The same question generally arises
from latent variable models with mixed continuous and polytomous data; see Shi and Lee (2001)
and Sammel, Ryan and Legler (1997).

1.2 Random Coefficient Model
Consider the following random coefficient model:
yi =% B+ f(ziya)bi +e i=1,---,n, (2)

where b; ~ N(0,0%) and ¢; ~ N(0,02). We are interested in testing the null hypothesis that the

variance of the random coefficient is zero. When o}, = 0, the parameter (1) cannot be identified.



Specific examples of f(z;,(1)) include Box-Cox transformation (f(z:,v(1)) = (ZZ(I) -1/
structure change (f(zi,v(1)) = 1(i/n < 7(1))2i), and threshold models (f(z;, 7)) = 1(z <
Y1y)#i). Note that the score statistic in Lin (1997) and Hall and Praestgaard (2001) cannot

handle this kind of random coefficient models.

1.3 An Epileptic Study

Table 2 of Thall and Vail (1990) presented a data set from a clinical trial of 59 epileptics.
These epileptic patients were randomly assigned to treatment (T=1) and placebo (T=0) group
as an adjutant to the standard chemotherapy. Every patient reported the number of seizures in
each of the four 2-week observation periods. Thall and Vail (1990) proposed to use a Poisson
random effect model. Specifically, conditional on b; = (b;1,b2), the seizure count, y;;, for
the i-th patient in the j-th visit is assumed to follow Poisson distribution with mean p;; such
that log p;j(b;) = Xz;ﬁ + bi1 + bj2Visit;/10. The covariates x;; include the intercept term, the
logarithm of a pre-experiment baseline count of seizures (B), treatment (T), their interaction
(BxT), the logarithm of the patient’s age and a variable, Visit;, for each of four clinic visits (-3,
-1, 1, 3). We are interested in testing whether the random effects b; are warranted for these data.
Without considering the random effects, we obtained the maximum likelihood estimate of 3 as
(—2.80,0.95,—1.34,0.56,0.90, —0.29). Sp, Sp and Sy for this dataset are 32.30, 23.47, and 36.77,
respectively. Setting r9 = 10,000, we obtained the corresponding p-values as 0.038, 0.0005 and
0.0002, respectively. Thus, our tests offer significant support for including the random effects,

and modest evidence for overdispersion.

1.4 Linear Mixed Effects Model

For simplicity, we follow the notation in Stram and Lee (1994) and write the linear mixed effects
models as
Y; = Xif + Zib; + €, (3)

where Z; = (21, , zi,mi)T is a known covariate matrix. The random coefficients b;’s (¢ x 1) and
the residual vectors ¢;’s (m; x 1) are normally distributed such that E[b;] = 0, E[b;b!] = X(v),
Ele;] = 0 and Ele;el ] = ¢, where I, is the m; x m; identity matrix. Moreover, for i # ', by,
b,/, €; and ¢ are independent of each other.

Using the parametrization in the equation (6) of Zhu and Zhang (2005), we see that W; ;(v)

equals to W () for i = j and zero otherwise. After some calculations, for model (3), we have



Um’ = em'/d), Vm’ = 1/¢ and

Z. . ¥ =
bK,K/’Y = (0 )
) {0, i i

where ¢; ; = y; ;j — ng B. We also have

To(v) =) _zxW(Wzklek — ¢]/¢° and Te(y) = Y Y 2 ;W ()2 jeijes /o’
K

i=1 j#i’

Furthermore, we have ¢'/2U; ; ~ N(0,1), E[U?.] = ¢! and E[U;fj] = 3¢~ 2 for all (i,4)’s. Thus,

0J
E[TO<7)TO( )] = 22 (4,9) Zz]W< )Z’L ]Z W( )Zi7j¢72 and
E[Tp(7) =23 > 2l W)z yzl ;W )z 02
i=1 j#£j

As discussed in Zhu and Zhang (2005), we need to replace £, with its estimator under Hy. Let
B and qg be the maximum likelihood estimates of 3 and ¢ under Hy. In this example, we have B =
(XTX)'XTY and ¢ = N~'YT(Iy — Px)Y, where Y = (Y{,--- YT x = (X],---, X5)T
and Py = X(XTX)"!XT. Thus, we have

= (ngjxi,j)ilzeid}(i,j and ¢ — b, = IZ — ¢.) +Op(N7Y),
K

K

which give the exact form of Fi for each K = (i,j). Moreover, we can calculate that Jy(vy) =
(0, N2 o 2k W(y)zk)T, and To(y) = 3. i 2 W (7)2k (6% — ¢)/$* can be approximated by

Y {2k Wzx = N7 2k W)zk]} ek . — ¢4)/6%,
K K
where éx = yx — Xﬂﬁ and ex . = yx — Xk B« Finally, we get Igo(y) = 23 {2k W (y)zK —

S 2 W (7)z k] }2 /2. When all zgs are the same, Tp(7) is exactly equal to zero and Ts(7)
reduces to Tp(v). When ¢ =1 and zxg = 1 for all K, our results are similar to those of Jacqmin-
Gadda and Commenges (1995).

In terms of Tp(y), we see that xx = Uk /vVds = (yx — X% B:)/V/dx. For model (3), some

assumptions like (C1) are trivial and others such as (C4) are necessary conditions. Without loss
of generality, we will validate (C2) and (C3) in two simple cases.

The first model assumes that m; = --- = m,, = 2. Then, we have

n oozl 2;2€16;,
Xp(y) = VOB o~
VI LWz R




Assumption (C2) relates to the maximum of the absolute eigenvalues of matrix C(v) = (ck k),

denoted by pmax[C(7)]. After some calculations, we get

max; |21, W (7)zi2)|

fmax[C(7)] = - 7; 5
\/Zi:1[zi,1w(7)zi,z]

Assumption(C2) requires that pmax[C(7)] converges to zero uniformly. After some algebraic

manipulations, we have

- (S0 210, W ()24 227, W (7)2i.2)?
d [Oyex (NP <C+C I = :
vl S (&l W (7)zi2)7)2

If the supreme of the right hand side of above inequality is finite, then (C3) holds.

The second example is that z;; = z for all (i,7)’s, e.g.,, z = 1;. In this simple case, we
are interested in whether the simplest variance structure of ¢; is adequate. Thus, Tp(y) =
zTW(y)z> ", Do i eijeiyd 2 and Cp(7y,7) = 22T W (v)zz" W (v)z Y1y mi(m; — 1)¢~2. We
have Xp(y) = >0, D it eijei 1 /\/2> 1, mi(m; — 1), which is independent of . There-

fore, (C3) are unnecessary and others are trivial except (C2). Due to the special structure of

C = (ck k'), we can show that

max[C] = max(m; — 1)/, |2 > mi(m; —1).
=1

There are too many sequences {(n,mq,--- ,my)} satisfying condition (C3); for example, {m; =
i:1=1,---,n} is such a sequence. The forgoing discussions lead to that Xp(v) converges to the
standard normal distribution.

Replacing &, by € in X p(vy) gives X p(7). It follows that the asymptotic variance of X p(y) is
given by Igp(y) =231, Z#j,(szW('y)zm)Qqﬁ;Q. To consider the process Xp(7), we need to
introduce Uk (sk, &) = (yix —x%/3)/¢. In addition, Uk (s, £) can be decomposed into two terms:

(yxc — x58.) 6. 10
Pu ¢ ¢
Let ¢/ =14 N~2hy, 8. — 3= N~""/*hg and h = (hg,h})”. We have

+ Xk (B — B)b5

pr(N7H?h) = EUk (s, N7Y?h) = N712xI hge t (1 + N712hy).

Let Uk (src, N~V/?h) = Uk (src, N"V/?h) — ug (N~1/?h) = U (1+N~2hy). Now we can directly
check (C6), (C7) and (C8), because

Uk (yre, N7V20)Ugor (sgr, N™V?h) — UgUpr = U U [2N 7120y + N7102),
Uk (yrc, N7V?h) = U (yie, N7V20') = U N2 (hy — By,
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We see that (C8) is given by
 ZE W (V)2 Ugxth
sup |ZK¢K kW ()zx Ukxy ﬁ|¢;1N*1/2(1+N’1/2h¢)2:op(l).
VRSN S pe (BEW ()20

Some extra mild conditions are good enough to ensure (C8). So we omit the details. Until now,

we have given all sufficient conditions for Theorems 3 and 5.

1.5 Crossed Design Linear Mixed Models

Following Lin (1997) and Hall and Praestgaard (2001), we consider the following cross-design

linear mixed model

Yij = X;{jﬁ +a; +c¢j + €, (4)
for i = 1,---,n and j = 1,---,m. For simplicity, we assume that a;, ¢; and ¢;; are in-
dependent of each other, Fa, = Fc; = 0, Fa? = o2, EC? = 02, and ¢; ~ N(0,¢). Let
by = (aj, -+ ,an,c1, -+ ,¢n)l, we have E[b1bT] = X(v) = diag(o2,--- ,02,02,--- ,02). Define

or as 02 + 02, we see that

Y(y) = orW () = ordiag(cos®(11), -+ - ,cos?(71),sin?(71), - - -, sin®(m)),

where v; € [~0.57,0.57] and cos?(y1) = 02 /ap. Thus, (4) becomes

T T T /2.1
Yij = Xm-ﬂ + 1i,jb1 + €, = Xi,jﬁ + or 11-7]-111 -+ €i55

where by = 0;/2u1 and 1;; is an R™™™ vector with both the ith and (n + j)th entries being 1
and all other entries being zero. Similar to the derivation in Example 2, we have U; ; = e;;/®,
Vij =1/¢ and

1, K = K/;
cos*(m), i=17,j#j;
sin?(m), @£ ="

0, 1£1,5#7.
Therefore, Ts(y) = To(y) + Tp(7), where To(v) = Y21, Y7L, (eF; — ¢)/¢* and

Tp(v) = Z Z cos?(1)ei jei /6 + Z Z sin?(y1)ei jer ;/ 6.

i=1 j#j’ j=1 i

Thus, E[To(y)To(v')] = nm¢~* and

b, (7) = LW ()1 =

E[Tp(v)Tp(v)] = 2nme—>[(m — 1) cos*(y1) cos® (1) + (n — 1) sin®(y1) sin®(+])].



Since the crossed design linear mixed model reduces to a linear regression model under the
null hypothesis, the maximum likelihood estimates of B and ngS in the previous example can be
used here to replace £ in all test statistics. By similar arguments, we obtain T, o(y) = 0 and
Tp(y) = Ts(v).

Let us discuss how Theorems 3-5 in Zhu and Zhang (2005) can be applied to derive the
asymptotic distributions of Tp(y) and Tp(y). We already know that Irp(y) = 2nme;2[(m —
1) cos*(y1) + (n — 1) sin*(y1)]. Therefore, nonzero elements c(; ;) (.;(7) of C(7) include

cos?(m)Ip 1/2( )/, foralli=14',j#35 and sin (71)ITP ( )/¢s forall i #1i j=j

Assumption (C.1) is trivial in this example and (C.5)-(C.8) can be validated by using the discus-
sions in the previous example. So we will focus on checking (C.2), (C.3) and (C.4).

In order to calculate pmax[C(7)], we need to solve the characteristic equation det[zl,, —
C(v)] = 0. We obtain

det[z ], — C(7)] = [det(A; — By)]" tdet[A; + (n — 1)By],
where B; = 1_1/2( )i sin?(y1) I, and
Ay = [2+ I ()67 cos® () m — g > (7)67 " cos? (1) 110,

We can solve det(A; — B;) = 0 and det[A; + (n—1)B;] = 0. Finally, we can obtain four character-

7 e T (1)@m= 1) cos?(m) = sin*(y)], I * ()65 H(n —
1) sin?(y1) — cos?(y1)] and I *(7)é5 [(n — 1) sin®(71) + (m — 1) cos®(y1)]. Obviously, we have

istic roots as follows: —1I

[(n —1)sin?(y1) + (m — 1) cos®(71)] < 1 1

max C < .
max|C ()} = V2nm[(m — 1) cost(y1) + (n — 1) sin®(y1)] ~ vn —1 i vm —1

A sufficient condition of (C.2) is that both m and n tend to infinity.
To check (C.3), we have

3" Brernr ()] = (n—1)(m —1)sin*(y1) cos’(m) (n—1)(m—1)

K#K’ ’ 2[(m — 1) cos(71) + (n — 1) sin’(71)]2 = [(m — 1) cos*(m1) + (n — 1) sin*(m)]

The right hand side is bounded by (m +n — 2)/y/(n —1)(m —1). So a sufficient condition for
(C.3) is that the limit of m/n must be a positive constant cp, as both m and n tend to infinity.
That is, m and n increase at the same order. However, if m/n (or n/m) converges to zero, the

left hand side of the above inequality may tend to infinity.



Some simple calculations lead to

(m — 1) cos?(y1) cos?(v4) + (n — 1) sin? (1) sin?(v) .
[(m — 1) cos*(m1) + (n — 1) sin*(y1)][(m — 1) cos*(7]) + (n — 1) sin*(7})]

pn(7,7) =
V

As m/n — 0 and N — oo, we see that the limit of py(7,7’) is one; thus, Tp(y)’s for all v € T’
are identical. In this case, we can arbitrarily set v = 0 and make inference by using Tp(0). If

m/n — ¢y, we see that

co cos?(71) cos® (71) + sin®(y1) sin® ()

p(7,7) =
V

e cos (1) + sin (31)] [eo cos™ (7]) + sin (+])]

2 Derivation of Score Test Statistic

Following Zhu and Zhang (2005), we can write the log-likelihood function as

n m; )
Ln(o7|B,7,®) = log / T T ptwistens (<58, fi(zi g, v0) Twioy?), @)dF (ur, - waly) ¢,
i=1j=1
where F(uy,---,u,|y) is the distribution function of (uy,---,u,). Let n;; = fi7j(zi7j,*y(1))Tui,

1/2 1/2 1/2
ti,j = JT/ 771"]‘ and Hi,j(ni,jUT/ ) :p(yi,j‘wi,j@(g:jﬁ,fi,j(zi,j;'}/(l))TuiUT/ ),(I)). SO, we can have

n m;
2
Lalorrl37, ) =t0g 8 [ TT T Hosomso DiF (.- )
i=1j=1
Thus, we have
lim iﬁn(aﬂﬁ,’y,fb) = lim ilog /ﬁ ﬁHz i(mi 'Ul/Z)dF(ub ce L, ugly)
o —07T aUT op—0+ aO'T Pt 5] $J2T

. d\for 0 T 1/2
= Jim 5 N /HHHi,j(Ui,jUT JAF(ay, -+, unly) | o X

i=1j=1
-1
n o m;
1/2
/H H Hi,j(m,jUT )dF(ula e >un"7)
i=1j=1

The second term on the right hand side of the above equation converges to a constant as op — 07,

so we omit them temporary and focus the first term on the right side. In the following, we assume



that we can change the order of integration and derivative. Now, because 0./o7/dor = 0.5/\/oT,
it follows from the L’Hopital’s rule (Buck and Buck, 1965; p.92) that the first term is given by

. 1/2
N~ {f T TI2, Hag (o *)aF (s,
0.5 lim

| )
or—0t \/OT
i 1/2
. o2 Jor {f | H;n:1 Hi,j(m,jUT/ JdF (ay, - ,unW)} .
=0.5 hm+ NG L’Hopital’s rule
G’T—>0 aﬁ
n m;
- 0'5UTHE%+ 82 H H Hi m,JUT dF(ul, © UnlY)
z 15=1
Now, we only need to consider the integrand
n m; /
1/2
H ,J 777‘7.7 :
= 5157 HH

We can show that

8 n m; n m; n m;
A‘aﬁwamHHHMW%{EEEMW% %HHHMHW
2
log{HHHJ Mijor o *)} + log{HHHJ Mijor i)}
i=1j=1 1=1j=1
Then, we have
Y T 3 VY.
NG log{}_[ljrllH,g 0i,jOp ;; 10g{H1,J (mijor )}
" ot tog{ E, S
ZZ NG 8t et iisl

ZZ”W Bt IOg{H,J( i)}

=1 j=1
and

n m; 12 n a
1mHHHM”/ m] {mJMMMM}
i=1j5=1 i=1 j=1 2y
mg

_ - atw o 2 0 log{ H, ; (tm)}
1=1 j5=1

9%t;
1=1 j=1 0]




Combining the results above, we show that the first-order right derivative of L, (or|3,v,®) at
or = 0 is given by

2

oL, 01 1,5 Vi, ;T ;ti,'
Ts(416,8) = 2 lim {a@wﬂﬂ,m)}: / 3 Og”]'wj( S0 )

i=1 j=1 tij

G 02 log p(yi ;i i (X} ;05 ti )
+ ZZW‘J]Q{ PRI o) | (- wal).
1/7]

i=1 j=1
3 Asymptotic Local Power

In this section, we mainly study asymptotic local power of the score test statistics under certain
conditions. We assume that the true value &, = (8., ¢) of & = (3, ¢) is an interior point of the
parametric space =. Let n = (o7,£). We denote Ly (or,£|y) as the corresponding log-likelihood
function. Because Ly(0,£&|y) is independent of ~, we define 7 to be the maximum likelihood
estimate of n under Hy, which does not depend on « under Hy. Furthermore, we now define the
7(y) to be the maximum likelihood estimate of n for any given v € II under H;. In addition, we
define

OLn(nly) _ So.n(vIn) _ | Son()
an TIN(7|77) ( Sf,N(’7|77) ) ) SH,N(V) = Sn,N(’Y|77)|n=m = ( Sg,N(V) > )

and Jy n () = E{0* L (nv)/0m0n" }p=. -
We need the following higher level conditions to establish the asymptotic properties.
Assumption S.1. sup,cp [|7(7) — n«|| — 0 and ||f) — n.|[ — 0 in probability.
Assumption S.2. Assume that

Op(1) = Ly (n|v) = Ln(e|y) + VN — n.) " Sy () — %(n — ) Ty n (V) (1 = ni) + 0p(1), (5)

holds uniformly for all v/N||n — n.|| < Co, where Cj is any positive scalar. In addition, S, (7)
and J, n(7v) are (g1 +2) x 1 random vector and (g1 + 2) x (¢1 + 2) symmetric random matrix,
respectively. Moreover, sup,cr ||y~ (n]7)|| = Op(1) and

Cy > sup /Lmin[Jn,N('Y)] > inf Nmin[Jn,N(’Y)] > 4Cl2 >0
vyerl’ ~vel

holds almost surely for some fixed C; and C5, where pimax and pmin represents the minimum and

maximum eigenvalues of a matrix.



Assumption S.3. (Spn(-),Jo.n(-) = (Sy(+), Jy(:)), where {(Sy(7), (7)) : v € I'} has
bounded continuous sample paths with probability one, where = denotes weak convergence of a
stochastic process under the uniform metric. Moreover, the (¢1 + 2) x (g1 + 2) matrix J,(-) is
symmetric and o0 > sup.er Amax[Jy ()] = infyer Amin[Jy(7)] > 0 holds almost surely.

COMMENTS: Assumption S.1 ensures that both 7(y) and 7 are consistent for n, = (0,&,)
uniformly over v € I'. In general, this assumption can be proved by using Assumption 1* of
Andrews (2001). Assumptions S.1-S.3 can be validated by using Assumptions 1* and 2% in
Andrews (2001). See Zhu and Zhang (2005) for how to validate Assumption S.3.

We need the following notation:

Sy(7) = ( So(7) ) g = [ Joo (V) Joe(7) ] |

Se () Jeo(7)  Jee()
B . | Zon(Y) _ -1 _( %W
ZyN(Y) = Ipn (V) SN () = ( Zen() ) o Zn(y) = Jp(y) T Sy(v) = ( Ze() ) -

Here, Ln(n«|v), Ln(1]7), Se(y) and Jege(y) do not depend on v, so we drop 7 from them. Let
e =(1,0,---,0)7 € Rn+2,
THEOREM S.1. Suppose Assumptions S.1-S.3 hold. Then, under the null hypothesis, we have the

following results:
(@) sup,er |[7i(7) = nal| = Op(N71/2).
(b)

Ln(f()|) = L (nal) = 0.5{S, ()T Ty () 718, () — inf[A — Tn() T SO Ty (VA = Ty ()71 Sy (1},
and
SplLv(7(1)17) = I ()] = 0'5i2113{5n(7)TJn('7)577('7) -

mf[A — Ty (1) 7Sy (N Ty (NI = Tn(9) " Sy(N]}

(¢c) VNG&(-) = max{Z,(-),0}.
(d) supser[Ly (7()|7)] = Ly (1) = 0.5 sup,ep max?{Zy (7), 0}/ (ef Jy(7)~"e1) +0.55] J' S
(¢) Ln(7) — L (n.) = 0.557 Je¢' Se.
(f) supyer L (7(7)17)] = Ly (1) = 0.5sup,ep max*{Zy(7), 0}/ (ef Jy(7)~'e1).
Proof of Theorem S.1. Part (a) can be easily seen from the quadratic expansion in Assumption
S.2 and consistency assumption in Assumption S.1. For given =, it follows from Assumption S.2

that Ly (n]y) — Ly (ns«|7y) can be approximated by

0.5{S,,n(N" I, N (NSun (V) = VN = 1) = Zy N Ty n(VN (1 = 1) = Zo, v ()]} + 0p(1).
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Furthermore, Ly (7(7)|y) — Ln(n«|7) is close to

0'5{Zn,N(V)TJn,N(’Y)ZmN(V) - igf[)\ - Zn,N(’Y)]TJn,N(’Y) (A= Zn,N(V)]}-

By using Assumption S.3 and continuous mapping theorem, we can prove part (b).
By noting that the parametric space of o7 is [0,00) and 7, is an interior point, we use some

matrix calculation to obtain

SN Ia N NSy n(v) = Zy NN I N () Zy N (V) = Zon(1)?/ (61 Tyn (7) " e1)+5¢ T Seto0p(1)

and infy[A — Z, n(V]" Ty n (VA = Zyn(7)] = infolo — Zo n(7)]?/[e] Jyn ()" Ted] 7! With these
preparations, we can prove parts (c¢) and (d). Similarly, we can easily prove parts (e) and (f).

THEOREM S.2. Suppose Assumptions S.1-S.3 hold. If Ts(v) is evaluated at the 1), the likelihood
ratio statistic and the score test statistic Sg for testing Hy against Hy have the same asymptotic

null distribution.
Proof of Theorem S.2. Recall that

Sg = sup max> {1;5(7)),0} .

~yel

At the 7, we see that

_ 2T5(7) _ . _
el J, v() < 0 = el J, N(NSyn(117) = el T, N (1) Sy n(7) + 0p(1).

Thus, the left term of the equation above is equal to 27 S('y)elTJn* }Vel, so we have

2TS( ) _ e{Zn(V) 1

+0,(1) and I = +0o(1).
TIyn(r) e T 50 = 317 i te W

Therefore, we can show that Ss = sup,cp max? {er{Zn(y)/ er{Jn(v)lel,O} + 0p(1). Now, we
finish the proof of Theorem S.2.

Theorem S.2 holds for most mixed models considered in the literature, because Assumptions
S.1-S.3 are almost necessary for establishing asymptotic behavior of estimates and test statistics
in general mixed model (Jiang, 1996). For instance, for the clustered mixed models, if the number
of observations in each unit is finite, then Assumptions S.1-S.3 are obviously true. Even further,
for the hierarchical and crossed model, we can show that Assumptions S.1-S.3 hold under some
mild conditions. In general, we have the following Corollary.

COROLLARY 1. Under the assumption of Lin’s (1997) Proposition 1, Assumptions S.1-S.3 hold.
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Furthermore, we consider the asymptotic local power of the score testing statistics, because
power considerations are important in study design and significance testing (Cox and Hinkley,
1975, p.103). It becomes apparent from the quadratic approximations that the distribution of
Zp() plays a critical role in determining the asymptotic local power of Sg. Therefore, it is
worthwhile to explore its property under a sequence of local alternatives (ny(h),7°) such that
ny(h) = 7. + N71/2h and v = 70, a true value of v when h = (hy, -+, hg42)7 # 0 and hy > 0.
THEOREM S.3. Under Assumptions S.1-S.3 and the alternatives (ny(h),7°), Z, n(v) converges
to N(Jy(7) LIy (v,Y")h, J,(v) ) in distribution for any given v € T', where

To(7:9°) = Jim_CovlSy v (7), Syn (1)),

and Zy N(-) converges weakly to a Gaussian process with mean Jy(-) "1 J,(-,7°)h and covariance

components Jp(v1) LTy (71, 72) Ty (72) 7L
Proof of Theorem S.3. First, we have

1
Ly(ne + N7Y2h|3%) — Ly (n) = 7S, v(7°) — Fh TN ()b + 0y (1).

Therefore, under Hy, we can show that (Z, n(7), Ln (7« + N™Y2h|7°) — Ly(n.)) converges to

normal distribution with mean (07, —0.5092)7 and covariance matrix

( I () Tn(7) " Ty (v,7%)h )
hTJn(%’YO)Jn(’Y)il 0922

where 099 = hTJ, (7°)h. By using LeCam third lemma (van der Vaart, 1998, p.90), we can show
that Z, n(7v) converges to N (J, (7)™ J,(7,7°)h, J,(7)~1) in distribution. We also infer that the
local alternatives (ny(h),~7") are contiguous to the null 7.

We need to check finite convergence and asymptotic equicontinuity of Z, x(y) under the
local alternatives (ny(h),~?). The finite convergence can be directly verified by generalizing
the asymptotic distribution of Z, n(7) at one point to any finite points. With contiguous local
alternatives, we can use the same methods to establish the asymptotic equicontinuity of Z, n(v)
as we did in Theorem 3 of Zhu and Zhang (2005). Combing these two, we can establish that Z, n
converges weakly to the desirable Gaussian process under the local alternatives (nx(h),~?).

Based on Theorems S.1-S.3, we know that under the local alternatives alternatives (nx(h),~%),
Zyn(+) converges weakly to a Gaussian process G'P(-) with marginal mean p, () = el J,(v)~1J,(7,7°)h

and covariance component Cy(v1,72) = €] J,(v1) "1y (71,72) Iy (72) “ter. We also define

_ GP(v) — po(7) and  p(q) = po ()

X(7) —_——
el J, () ler el J,(v) tes
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Note that for each given v, X (v) follows standard normal, but X(-) is a centered Gaussian process

with correlation component
CU (’71 ) 72)

Vel Zyin)tery /el Ty (1) ter

Let Xx,a be the critical value of sup,cp max{X(7),0} at the level of a. Therefore, the power of

Sg under under the local alternatives alternatives (ny(h),~) is close to

P (SUIF) max*{X (v) + p(7),0} > x?x,a> :
e

Inspired by Theorem 2 of Fan (1996), we use a grid of ', {~; : i = 1,--- ,m} to approximate
I". Thus, we know that

p (sullz max*{X () + p(7),0} > x?x,a> > P (gl@x {X(vi) + p(v), 0} > XX,a)
yE <i<m

s (X0 + 1) < xa ).

= 1-P (ggﬁﬁl{X(%) + p(7:), 0} < XX,a) =1-P <

Based on the above result, we have the following result.

THEOREM S.4.The score test statistic Sg has the power at the alternatives (ny(h),~%) at least
1— P (N, A;), where A; denotes event {X (Vi) < xx,a — ()}

For given grid, we can numerically calculate the probability of event NI, A;. If the grid
includes 7°, we have u(7°) = hy1/y/elJ,(v°)~1e;. As hy — oo, we know that the probability of
{X(Y") < xx.a — p(7")} converges to zero. So, the power of the score test statistic is close to
one. We have shown how to establish the asymptotic local power for Sg. In fact, we can similarly

study the asymptotic local power for Sp and Sp.

4 Comparisons between the Methods

In the literature, many authors have proposed score test statistics to test homogeneity in the
framework of the GLMMs; see Liang (1987), Commenges and Jacqmin-Gadda (1997), Lin (1997),
Hall and Praestgaard (2001), and Verbeke and Molenberghs (2003), for example. Specifically, we
will highlight the advantages of our method over Lin’s (1997) score test statistic, referred to as
LS, and Hall and Praestgaard’s (2001) projected score test, referred to as PLS.

Our score test statistics cover more models than do LS and PLS. Lin (1997) and Hall and
Praestgaard (2001) are based on a conditional generalized linear mixed model (GLMM) with

E(yi,j|b) = pij(b) and  g(ui (b)) =x;,;8+ 2. ;b,
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where b denotes all possible random effects. In contrast, in Section 1 of Zhu and Zhang (2005),
we assume that the probability density of y; ; depends on ; ;(bs; 3,7(1)) that ¥; j(bs; 8,7(1)) may
not be a function of the mean of y; ; conditional on the random effects. Moreover, f(z;;, (1))
may depend on an unknown parameter in Sections 1.1 and 1.2. In general, the existing methods
are not applicable in some useful models including random coefficient models, genetic models and
factor analysis models, when a hypothesis testing involves a nuisance parameter which is defined
only under the alternative hypothesis (Davis, 1977; Andrews, 2001). In some application where
there is no nuisance (1), we can show that our score test Sg reduces to the PLS. In this sense,
Sg is a generalization of the existing test.

Both our score test statistics and PL.S impose the positive definitive constraint on the variance
components of . We should note, however, that LS is not necessarily locally asymptotically
most stringent as defined in equation (1.3) of Bhat & Nagnur (1963) (even under the GLMM),
because it does not account for the fact that >, the covariance matrix of the random effects,
has to be a positive semidefinite matrix. Lin (1997) suggested the asymptotical stringency of
LS, but in remarks following their Theorem 2, Hall and Praestgaard (2001) argued against Lin’s
(1997) suggestion. Through simulations, we have shown that ignoring the constraint of ¥ can
lead to the loss of power of detecting heterogeneity (see Tables 1 and 2 in Zhu and Zhang, 2005).
Similar findings have also been reported in Table 3 of Hall and Praestgaard (2001). Previous
result revealed that the likelihood ratio (or score) statistic under the constrained alternative is
uniformly powerful than that for the unconstrained case (Tsai, 1992).

Whether or not we need to explicitly impose the constraint on 3 (or specify the alternative
model) for the score test is an important issue, and it is equivalent to choosing a one-sided or
two-sided test for testing the variance component. Recently, Verbeke and Molenberghs (2003)
suggest that choice between a two-sided/one-sided score test should be tightly linked to a un-
constrained /constrained alternative space, and developing the one-sided score test is statistically
sound and practically meaningful. Interestingly, Lin (1997) also suggested to use a one-sided score
test to test for individual variance component; see the second paragraph on page 316 and the first
paragraph on page 317 in Lin (1997). In contrast, for a general ¥, Lin (1997) considered an
unconstrained parametrization, which may lead to a matrix that does not satisfy the covariance
constraint. In general, the choice between one-sided and two-sided tests should also depend on
the scientific question, the models and the interpretation of the parameters in those models.

Some of previous results about the PLS also appear in doubt. In particular, the PLS may

not follow a mixture of x? distributions as claimed in Hall and Praestgarrd (2001). In fact,
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the tangent cone given in Sections 3.2 and 3.3 of Hall and Praestgarrd (2001) are not correct.
Even for a random effect model with unstructured X as discussed in Example 1.4, we can show
that the tangent cone is in fact the convex cone given by {¥ : ¥ > 0}, where ¥ > 0 represents a
positive semidefinite matrix. For simplicity, we consider a 2 x 2 ¥ with three unknown components

(011,022,012) and the parametric space is given by
0 = {( ):o11 > 0,092 >0 — 03y > 0}
011,022,012) : 011 2 0,022 = 0, 0711022 — 015 = Uy.

The parameter under the null hypothesis is 6y = (0,0,0). Thus, ¢(© — 6y) converges to © as
t — oo. It follows from a result due to Rockafeller and Wets (1998, page 198) that the tangent
cone is O itself instead of {0 : 011 > 0,092 > 0} as given in Section 3.2 of Hall and Praestgarrd
(2001). Similar mistake was made in their Section 3.3. It is not even clear what happens if the
Y has a specific structure in most of applications. In contrast, our theoretical results fill up such
gap, and our resampling method provides an attractive approach to conduct the homogeneity
test.

Following Commenges and Jacqmin-Gadda (1997), we make an additional improvement by
decomposing the score test into two components: So and Sp. We have shown that So mainly
tests the overdispersion and Sp detects the homogeneity. Computationally, it is much easier to
calculate Sp than both Sg and Sp, because the formula for computing Sp remains valid if the
unknown estimate has the property of asymptotic normality (see equation (12) in Zhu and Zhang
(2005)). However, if we choose different estimation methods, computations of Sg, LS and PLS
need to be modified as a result of changing variances.

We have established the asymptotic null distributions of the score test statistics under weaker
conditions than the existing methods. For instance, our results cover the situations with both
large n and large m; and a general design matrix for mixed models, because we only need to
validate Assumption (C.2); see Section 1 in Zhu and Zhang (2005) for details. However, to obtain
the asymptotic distribution, Lin (1997) requires either large n and bounded m;s, or a M-dependent
structure and special design pattern in the mixed effect model.

If the dimension of v is large, computing the score test can be computational intensive. Zhu
and Zhang (2005) suggest to compute the score test on a grid and to search for the maximum. In
many cases that we have examined, a rough grid work very well. See the examples in Andrews
(2001). Similar finding has been reported in the linkage analysis by Zheng and Chen (2005).
However, we agree that in some cases, choosing a rough grid could lead to loss of power. Further

research along this direction is warranted.
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