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Motivation

In ordinary regression models where observations are 
independent, we face challenges including variable 
selection, model selection, model diagnostics, …
Do we get a break with the longitudinal data?

NO!
Why don’t we deal with them often?

Too difficult!
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Growth Curve Data

• A retrospective study on infant growth (Dr. J. 
Leventhal)
• 298 children born at Yale-New Haven Hospital 
from September 1, 1989 through September 30, 
1990. 
• To examine the potential impact of the mother’s 
cocaine use during pregnancy on the infant’s growth 
after birth.
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Infant Growth Curves



Aging?

150 years1.5 years





Data Configuration
Occasion (visit)          

Subject 1 … q 
1 t11, x1,11,…, xp,11, y11  t1,q1, x1,1q1,…, xp,1q1, y1q1 

 …   …  …
  …  

i ti1, x1,i1,…, xp,i1, yi1 … ti,q1, x1,iq1,…, xp,iq1, yiqi 
 …   …  …

  …  
n tn1, x1,n1,…, xp,n1, yn1 … tn,q1, x1,nq1,…, xp,nq1, ynqn 

 



General Model

yij :   Response
xk,ij : The k-th covariate (can be 

time dependent)
tij :    Time of measurements
eij : Measurement error (can be 

correlated).

ijijijpijij etxxfy += ),,,( ,,1 K



Fixed Effects

βijijpij Xxxf =),,( :(1982)  Wareand Laird ,,1 K

)(),,( :(1994) Diggle andZeger ,,1 ijijijpij tXxxf μβ +=K

)(),,( :(1998) Yang &  Wu,Rice, Hoover, ,,1 ijijijpij tXxxf β=K

functionsmooth  ),,( :(1997) Zhang ,,1 −ijpij xxf K



Random Effects
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Random Effect Structure

where each φu is a simple function of 
time t such as a linear trend, which 
results in a quadratic variance function.
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Multivariate Adaptive Splines
The function f is approximated and estimated by a 
function from the following class of functions:

(x-τ)+

(x-τ)-

x
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Schematic MASAL Algorithm
Step 1: Initialization 
Step 2: Model Enlargement 

1 + + … +

1 + + … + +            + new new

(xk-τl)+ and (xk-τl)-
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Step 3: deletion 
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Estimation of Random Effects
1. Begin with assuming independent data and 

proceed with the MASAL estimation of the 
fix effect, i.e., the function f.

2. Obtain the residuals and use them to find the 
MLE of the covariance parameters, e.g., 
pretending that the residuals are centered and 
normal. 

3. Use the estimated covariance parameters as 
if known and decompose the residuals to 
obtain the estimates for biu.

Step 3 gives the BLUP, and the process is  
referred to as empirical Bayes estimation.



Sample (cocaine) Data File



A MASAL Run



MASAL Continuation



MASAL Continuation



MASAL Continuation



MASAL Output File



Produced S+ Code and 

Residual Plots



Reformulation

MASAL final 

0.43 + 0.03x_{7}-0.008(x_{7}-142)^+
+0.21(x_{6}-27)^+
-0.0002(x_{6}-27)^+(x_{7}-391)^+
-0.01(x_{7}-61)^+-0.004(x_{7}-211)^+

Where x_{7}: day; x_{6} : gestational age

0.43 + 0.03 t - 0.01(t-2)+- 0.008(t-5)+-0.004(t-7)+

+ (ga-27)+[0.21-0.0002 (t-13)+],
where t is represented in month.



Interpretation
0.43 + 0.03 t - 0.01(t-2)+- 0.008(t-5)+-0.004(t-7)+

+ (ga-27)+[0.21-0.0002 (t-13)+],

0.03 t

0.03 t - 0.01(t-2)+

0.03 t - 0.01(t-2)+ - 0.008(t-5)+

0.03 t - 0.01(t-2)+ - 0.008(t-5)+ -0.004(t-7)+



Interpretation
0.43 + 0.03 t - 0.01(t-2)+- 0.008(t-5)+-0.004(t-7)+

+ (ga-27)+[0.21-0.0002 (t-13)+],

(ga-27)+[0.21-0.0002 (t-13)+] applies to those 
born 27 weeks or later:
• (ga-27)+ 0.21: A net gain linear to the 

gestational age.
• (ga-27)+[-0.0002 (t-13)+] : A slower growth 

after 13 months.



A Different Representation

0.43 + 0.03 t - 0.01(t-2)+- 0.008(t-5)+-0.004(t-7)+

+ (ga-27)+[0.21-0.0002 (t-13)+],
where t is represented in month.

β0(t) + X β1(t)

Varying Coefficient Model

MASAL Model



Concluding Remarks

A general and flexible multivariate
nonparametric model for longitudinal and 
curve data analysis

• Model multifactorial nature of growth trajectories or 
disease progression
• Allow irregular time points of observations
• Identify groups in lack of change (or slow rate of 
change)
• Allow different growth patterns at different ages
• Allow different growth patterns for different 
individuals (in group)



Concluding Remarks

• A user-friendly, free program (ready 
to execute or DLL for S-PLUS, R, …)
• Intuitive, readily interpretable models.
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